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A semicalssical method based on surface-hopping techniques is developed to model the dy-
namics of radiative association with electronic transitions in arbitrary polyatomic systems.
It can be proven that our method is an extension of the established semiclassical formula
used in the characterization of diatomic molecule-formation. Our model is tested for di-
atomic molecules. It gives the same cross sections as the former semiclassical formula, but
contrary to the former method it allows us to follow the fate of the trajectories after the
emission of a photon. This means that we can characterize the rovibrational states of the
stabilized molecules: using semiclassial quantization we can obtain quantum state resolved
cross sections or emission spectra for the radiative association process. The calculated semi-
classical state resolved spectra show good agreement with the result of quantum mechanical
perturbation theory. Furthermore our surface-hopping model is not only applicable for the
description of radiative association but it can be use for semiclassical characterization of any
molecular process where spontaneous emission occurs.
I. INTRODUCTION
Radiative association is one of the many important
processes1 that contribute to the molecule production in
dust-poor regions of interstellar space where there are
few competing three-body collisions. Radiative associa-
tion is hard to study under laboratory conditions due to
the small cross sections of the process2. Experimental
studies on radiative rate coefficients have been carried
out so far only for a few ionic systems using ion traps or
ion cyclotron resonance apparatus2. So far there is no ex-
perimental result for the formation of neutral molecules
through radiative association. Theoretical modeling of
radiative association is highly desirable due to the lack of
experimental data. In the case of neutral species it is the
only possible way to obtain the rate coefficients3. Good
quality potential energy and dipole surfaces are nowadays
available from accurate ab initio calculations4–7. Ade-
quate dynamical methods based on ab initio data can
provide reliable rate coefficients that can be utilized for
kinetic modeling of molecule production in the interstel-
lar medium8.
Most of the previous dynamical calculations have fo-
cused on diatomic systems3,9–17. There are only a few
dynamical studies where the radiative association of tri-
atomic molecules have been considered18–23. Radiative
association is not only difficult to study experimentally,
but also theoretically, despite the available global poten-
tial energy and dipole surfaces3. There are several rea-
sons which can explain the small number of dynamical
studies on polyatomic systems: i) the quantum mechani-
cal treatment of radiative association is a major challenge
because we need both bound and unbound states18–22;
ii.) so far there has been no available semiclassical
method which can describe the radiative association of
polyatomic molecules with electronic transitions in full
a)Electronic mail: peter.szabo@ltu.se
dimension; iii) a classical model for the calculation of
radiative association in absence of electronic transitions
has been recently developed24, but not yet implemented
for polyatomic systems. The semiclassical methods are
based on classical trajectories and therefore do not con-
tain the resonance structure and the tunneling in the
cross sections. In spite of the lack of resonance and tun-
neling effects, trajectory based methods can provide rea-
sonable results in many cases25–27. The extension of the
theoretical studies for polyatomic systems is highly de-
sirable. The bigger the reactants are the more probable
radiative association is28–30. Semiclassical and classical
methods are the only feasible way to the theoretical mod-
eling of the dynamics of systems which contain more than
3-4 atoms.
The purpose of the current work is to present a
new semiclassical dynamical method for the modeling
of radiative association with electronic transitions. We
use the surface hopping method extended with Fermi’s
golden rule which ensures a simple way to the treatment
of dynamical coupling of molecular states with electro-
magnetic fields. The surface-hopping methodology allows
the study of radiative association with electronic transi-
tions to be extended to arbitrary polyatomic system.
The surface-hopping method is widely used in the mod-
eling of nonadiabatic molecular processes31–47. The idea
of this method originally put forward by Bjerre and
Nikitin48 and later advanced by others49–53. The mo-
tion of nuclei are described by classical mechanics but
the time evolution of the molecular electronic states is
treated quantum mechanically. Classical trajectories can
take place only on one potential energy surface at a time.
Therefore we need a stochastic algorithm that allows
the change between potential energy surfaces during the
propagation. The branching of the populations due to
the dynamical coupling is simulated with this stochastic
change in electronic states. Generally the wavefunction of
the adiabatic electronic states is used as basis set for the
representation of the time-dependent wavefunction. The
2population of the electronic states (the hopping proba-
bility) can be calculated in each time step from the so-
lution of the time-dependent Schro¨dinger equation. The
ensemble of the independent trajectories extended with
stochastic hopping can provide a reliable semiclassical ap-
proximation for the simulation of nonadiabatic dynamics.
The surface-hopping method was extended in the last
decade for the treatment of arbitrary coupling31,33,38.
Field-induced couplings were the subject of more stud-
ies where the absorption spectra35–37,54 or laser-induced
transitions33,38–41 were calculated with the surface-
hopping methodology. Spin-orbit and dipole couplings
have been recently treated simultaneously with surface-
hopping method31,33,43,44. In every case the hopping
probability is calculated from the numerical solution of
the time-dependent Schro¨dinger equation. To our knowl-
edge, there has been no surface-hopping study so far on
radiative association, or on any kind of relaxation process
that contains spontaneous emission.
To test our method we calculate the cross sections of
radiative association and radiative quenching for the fol-
lowing two reactions:
H
(
2S
)
+ F
(
2P
)→ HF (A1Π)→
→ HF (A1Σ+)+ ~ω (1)
→ H (2S)+ F (2P )+ ~ω (2)
C
(
3P
)
+O
(
3P
)→ CO (A1Π)→
→ CO (A1Σ+)+ ~ω (3)
→ C (3P )+O (3P )+ ~ω (4)
The results of our method are compared to the cross
sections calculated with conventional semiclassical and
quantum mechanical perturbation theory. Furthermore,
the surface-hopping method allows us to calculate the
semiclassical quantum state distributions of the stabi-
lized diatom. The quantum state resolved emission spec-
tra and the comparisons with the spectra obtained with
quantum mechanical perturbation theory are also pre-
sented in section IV.
II. THEORY
Time-dependent perturbation theory provides a very
useful approximation for the description of light-matter
interaction. This brilliant tool of the time-dependent
quantum mechanics is known as Fermi’s golden rule. In
fact, the assumptions of Fermi’s golden rule are fulfilled
in most of the problems when light absorption or emission
considered55,56. It is worth to try to use it in the surface-
hopping methodology to avoid the expensive numerical
solution of the time-dependent Schro¨dinger equation in
each time step. According to Fermi’s golden rule55,56 the
probability of emission from a certain initial state to all
possible final states with an energy is lower than Vi is
P i→fem (r) =
∑
Vf<Vi
4ω3if (r)
3~c3
τ (Nph + 1) |µif (r)|2 (5)
where the frequency of the radiation ωif =
Vi−Vf
~
is de-
fined by the energy of the final and initial state, Nph is
the number of photons in the radiation field, µif is the
transition dipole vector between the initial and the final
electronic state, τ is the contact-time of the interaction.
Eq. (5) is valid for both stimulated and spontaneous
emission, the latter one if there is no photon in the radi-
ation field (Nph = 0). In the remainder of the paper we
consider only a two-state system. In the surface-hopping
methodology Eq. (5) is used in every time-step to cal-
culate the hopping probability during the motion of the
nuclei
P i→fem (t) =
4ω3if (t)
3~c3
∆t (Nph + 1) |µif (t)|2 = Ai→f (t)∆t
(6)
where Ai→f is the rate of the emission. In this case the
contact-time is the time-step of the integration of the
nuclear-motion and the frequency of the emitted pho-
ton ωif (t) =
max(0,Vi(t)−Vf (t))
~
is the difference of the
two potential surfaces and µif (t) is the transition dipole
at the given geometry. With the frequency definition
we implicitly assume that the classical Franck-Condon
principle57 is valid for the electronic transition, and the
maximum function is introduced to ensure the transition
from an upper to a lower state. A uniform random num-
ber 0 ≤ ξ ≤ 1 is generated in each time step, and the
hopping from the initial to the final state is performed if
P i→fem (t) > ξ. If we study collisions with radiative associ-
ation, where there are bound states on the bottom poten-
tial energy surface, then we need to refine the model. It
is possible that the energy of the emitted photon (~ωif )
is not high enough for the association of fragments, be-
cause after hopping the energy content of the system can
be higher than the dissociation energy on the bottom po-
tential energy surface. Thus we need to distinguish the
two channels after a hopping:
if


~ω > Etoti and V
eff
f (t) < 0 then associaton
~ω < Etoti or V
eff
f (t) > 0 then quenching
(7)
i) radiative association: if the initial total energy (total
energy of the system before collision on the upper po-
tential energy surface) is smaller than the energy of the
photon and the bottom effective potential surface has
bound states; ii) radiative quenching: the fragments dis-
sociate after the hopping. The former process is illus-
trated schematically in Fig. 1. V efff (t) in Eq. (7) is the
effective potential energy surface of the final state when
a hopping occures:
V
eff
f (t) = Vf (t) + Ecoll
b2
r2 (t)
(8)
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FIG. 1. Schematic representation of the surface-hopping ra-
diative association process in a diatomic system.
where Ecoll is the collision energy, b is the impact
paramter of the collision and r is the distance between
atoms.
After generation of Ntot number of trajectories at a
given (Ecoll, b) pair the probability of the stimulated
emission (the opacity function) can be obtained
P strad (Ecoll, b) ≈
Nhop (Ecoll, b)
Ntot (Ecoll, b)
(9)
where Nhop (Ecoll, b) is the number of trajectories where
hopping was detected. If one would like to simulate spon-
taneous emission then Nph = 0 should be considered. In
this case, however, the probability of a transitions would
be very small and 108−1010 trajectories might be needed
to estimate P sprad in a general molecular system. We can
bypass this obstacle if transitions with stimulated emis-
sion is calculated even when the aim is spontaneous emis-
sion. In every time step we calculate the hopping prob-
ability with a certain photon number. To get the prob-
ability of spontaneous emission we need to scale down
the obtained probability of stimulated emission with the
applied photon number
P
sp
rad (Ecoll, b) ≈
(
1
Nph + 1
)
Nhop (Ecoll, b)
Ntot (Ecoll, b)
(10)
The trick with the adjustable photon number is profitable
in the simulation of spontaneous emission. The required
trajectory number in the estimation of P sprad (and at the
same time also the computational time) can be optimized
by variation of Nph. From this point the cross section of
the radiative processes
σ (Ecoll) = 2pifstat
∞∫
0
bPrad (Ecoll, b) db (11)
can be calculated, where fstat is the statistical weight
factor for the initial molecular state of the approaching
fragments.
It is easy to prove that the surface-hopping method
is equivalent with the conventional semiclassical method
used in former studies for diatomics58. Eq. (6) is consid-
ered only for one time-slice of the whole collision process,
when Eq. (6) is integrated over the time of the colli-
sion then we get Prad. If the time-variable is changed
to distance in the integral, the Jacobi-determinant of the
variable-transformation will be the reciprocal of the ve-
locity. The result of the variable transformation is the
well known semiclassical formula
Prad =
∫
Ai→f (t)dt =
∫
Ai→f (r)
v
dr =
=
√
µ
2
∫
Ai→f (r)√
Ecoll − Ecoll b2r2 − Vi(r)
dr (12)
as pointed out by Kramers and ter Haar seven decades
ago59. This allows us to consider the surface-hopping
method as the extension of the former semiclassical
method in arbitrary dimension.
Furthermore, contrary to the former semiclassical for-
mula the surface-hopping methodology provides real dy-
namical coupling between molecular states and the ra-
diation field: after hopping we can follow the fate of
the trajectory. That means we can characterize the ro-
vibrational states of the formed molecules after each re-
active hopping. The WKB quantization can be applied
for the stabilized diatom (as a rotating anharmonic os-
cillator) to obtain the semiclassical vibrational quantum
number60 :
v′ =
√
2µ
~pi
rmax∫
rmin
(
Etotf −
L2
2µr2
− Vf (r)
) 1
2
dr − 1
2
(13)
where µ is the reduces mass and L is the angular mo-
mentum of the diatom, rmin and rmax are the turning-
points, and Etotf is the total energy content of the system
after a reactive hopping. The quantum state resolved
cross sections or emission spectra can be calculated after
the semiclassical quantization. That means the surface-
hopping method can provide the most detailed levels of
the characterization of radiative association using semi-
classical mechanics.
The modeling of radiative association with surface-
hopping methodology has an additional advantage com-
pared with the conventional surface-hopping method
used in the simulation of nonadibatic dynamics: the scal-
ing of momenta is not needed because the photon takes
away energy from the molecular system, equal to the
change in potential energy. This is again due to the ap-
plication of the classical Franck-Condon principle. The
former surface-hopping methods (including nonadiabatic
and spin-orbit couplings) extended with our model could
provide an efficient and complete description of the cou-
pled photophysical processes in molecular collisions or in
molecular systems after an electronic excitation.
4III. COMPUTATIONAL DETAILS
Hamilton’s equations of motion were used in Cartesian
coordinates for the calculation of trajectories. A fourth
order symplectic integrator61 was employed for integra-
tion with a step size of 0.05 fs. The initial separation
between the atoms was fixed at 18 bohr, which guaran-
teed a negligible initial interaction between the colliding
atoms. The hopping probability in each time step was
calculated according to Eq. (6) and the cross sections
were calculated according to the Eq. (11), where the in-
tegral over impact parameter was evaluated with Simp-
son’s 1/3 rule. The value of bmax (the upper bound) in
the integral in Eq. (11) was adjusted at each collision
energy to account for all hopping events. Ntot=1000 tra-
jectories with adjusted photon number (Nph) were used
to estimate the probability of radiation (Prad(Ecoll, b))
at each (Ecoll, b). It should be noted that the photon
number used in computation of the stimulated emission,
Eq. (6) should be small enough to avoid saturation of
the hopping, which in turn results in an underestima-
tion of Prad(Ecoll, b) through the division by Nph + 1 in
Eq.(10). As a rule of thumb we suggest that the pho-
ton number should be set to produce less hopping events
than 20-30% of Ntot. In the calculation of state-resolved
spectra we ran a total of 106 trajectories to get satis-
fying statistics. We used a bin size of ∆Ephoton = 0.1
eV for the calculation of the spectral densities. The ro-
tational quantum number of the products, j′, was cal-
culated from the conventional semiclassial qunatization
formula L = ~
√
j′(j′ + 1). The quasiclassical vibrational
quantum number was calculated according to Eq. (13)
where the integration over the interatomic distance was
evaluated with trapezoidal rule. The trajectories were
propagated for more 500 fs after a reactive hopping to de-
termine the turning-points used in the calculation of the
action-integral. Eq. (13) gives continuous quantum num-
bers. To obtain discrete quantum numbers we used the
standard binning technique: each trajectory contributes
to Prad(Ecoll, b) with equal weight and the quantum num-
bers are rounded to the nearest integer. The details of
the conventional semiclassical and quantum mechanical
perturbation theory used for comparison can be found in
Refs. 14–16.
IV. RESULTS
A. Cross sections
First consider the HF test system. Since it contains
one low mass atom a significant tunneling effect is ex-
pected at low energies. Moreover the potential energy
surface of the excited state is almost entirely repulsive15.
Fig. 2 shows the cross sections of radiative association
through Eq.(11) computed with three different methods:
quantum mechanical perturbation theory (QM), conven-
tional semiclassical method (SC) and our surface-hopping
trajectory method (SHT).
The SHT cross sections perfectly match the curve ob-
tained with the conventional semiclassical method in the
Ecoll (eV)
FIG. 2. Cross sections for the radiative association and
quenching of H + F collisions according to the reaction (1)
and (2), respectively.
whole collision energy range. Resonance structure can
not be observed on QM curve because the upper poten-
tial energy surface is repulsive. Due to this feature of
the HF system the dominant quantum mechanical effect
is the tunneling into the repulsive region of the excited
potential surface. The semiclassical methods show good
agreement with the QM cross sections when Ecoll > 0.2
eV. The semiclassical methods underestimate the QM
results in the low energy domains. This shows the im-
portance of tunneling below Ecoll = 0.2 eV. Fig. 2 also
shows the SHT cross sections for the quenching channel
where electronic transition was detected during the colli-
sions but the HF molecules were not able to stabilize due
to the remaining high energy content in the system.
The cross section of the quenching channel is smaller
almost in the whole energy range with 2-3 orders of mag-
nitude than that of association. Over Ecoll = 10 eV the
quenching process dominates, and at the same time the
probability of the association is suddenly diminishing.
Above Ecoll = 10 eV the probability of quenching is an
essentially constant function of Ecoll and above Ecoll =
11-13 eV the ionization and electronic excitation of the
atoms may play a big role62.
The second test system, CO, is somewhat different
from HF. The excited potential energy surface is attrac-
tive and has many bound states14,16. In this case shape
resonances, due to the tunneling into the quasibound
states, are expected. The SHT method shows again per-
fect matching with the conventional semiclassical method
(Fig. 3). At high energies good agreement can be found
between the QM and the semiclassical methods. The res-
onance contribution is quite relevant under Ecoll = 1.0
eV, but the semiclassical methods reproduce the QM base
line at energies down to about 0.1 eV. Below Ecoll = 0.1
eV, however, the SC and SHT cross sections are smaller
than that from QM with a factor of 103−104. The behav-
ior of the quenching channel is similar to that of the HF
system. Below Ecoll = 9.0 eV the radiative quenching
curve shows a falloff shape, at Ecoll = 9.0 eV it is equally
probable as the association channel. The edges of atomic
ionization and excitation channels start also about at this
5Ecoll (eV)
FIG. 3. Cross sections for the radiative association and
quenching of C + O collisions according to the reaction (3)
and (4), respectively.
2
−7
Ephoton (eV)
H + F collisions
Ecoll = 5.0 eV
2
2
FIG. 4. Spectral density for radiative association of HF
through reaction (1) The SHT result is computed as explained
in section III. The QM result is computed from the QM data
presented in Fig. 6 by adding the cross sections in photon
energy intervals of ∆Ephoton = 0.2 eV and then divided the
sum by ∆Ephoton.
energy value62. The ionization and excitation could be
the dominant processes over 10-13 eV.
B. Emission spectra
The radiative association process can also be charac-
terized by emission spectra. Fig. 4 shows the collision in-
duced emission spectrum for the HF system at Ecoll = 5.0
eV. The SHT emission spectrum agrees well with that is
calculated by quantum mechanical perturbation theory.
It means that the SHT method is able to reproduce also
the energy distribution of photons, not only the cross sec-
tions as a function of Ecoll. Some differences can be seen
in the high energy domains where the QM spectrum has
a fine structure that the SHT method misses.
Fig. 5 shows the spectral densities of radiative associa-
2
−6
Ephoton (eV)
FIG. 5. As in Fig. 4 but for CO formation through reaction
(3). The QM result is computed from the QM data in Fig. 7.
tion for the CO system. The SHT method performs well
also for this reaction. The SHT and QM spectra match
in the whole energy range.
The surface-hopping method has another big advan-
tage: it allows us to calculate the quantum state re-
solved spectra or cross sections with semiclassical quan-
tization. Fig. 6 shows the comparisons of the rovibra-
tionally state resolved emission spectra for reaction (1)
obtained with SHT and QM method. The envelope of
SHT and QM spectra for v′ = 0 match well. The SHT
method slightly underestimates the QM curve only in the
high energy region. The QM spectra that corresponds to
the higher vibrational quantum states show more com-
plex character. The SHT method can not reproduce the
detailed structure of the QM spectra, but overall the
spectral distributions are similar. If we add the sticks,
each corresponding to one rotational quantum number,
then the obtained vibrationally resolved SHT cross sec-
tions do agree well with the cross sections of the QM
method. Fig. 7 shows the state resolved emission spectra
at Ecoll = 2 eV for reaction (3). The four vibrational
states were plotted that have the biggest contribution to
the total/unresolved spectrum. These QM spectra have
more complex character than in the H + F collisions. In
this case the envelopes of SHT and QM curves agree not
so well than in reaction (1), but the SHT curves follow
the average shape of the QM curves in every case. Most
of the products are born with huge rotational and with
moderate vibrational quantum number.
These results indicate that the surface-hopping method
provides reasonable result even for the most detailed
quantum state distributions that characterize the colli-
sion induced emission.
V. CONCLUSION
In this work we have presented a semiclassical method
based on surface-hopping methodology for the modeling
of radiative association with electronic transitions. In the
surface-hopping formalism we use Fermi’s golden rule to
65 6 7 8 9 10 11
11
σ
(b
o
h
r2
)
11
Ephoton (eV)
11
FIG. 6. Rovibrationally state resolved emission spectra for
radiative association of HF through reaction (1). The sticks
correspond to the (v′, j′) states.
calculate the probability of hopping during the propaga-
tion of nuclei. Due to Fermi’s golden rule we can avoid to
solve numerically the time-dependent Schro¨dinger equa-
tion in each time step. It can be proven that our method,
when implemented for two colliding atoms, is equivalent
to the established semiclassical formula for diatomic sys-
tems. But, contrary to the latter, the surface-hopping
methodology allows us to extend the study of radia-
tive association with electronic transitions to arbitrary
polyatomic systems, and also to follow the fate of tra-
jectories after a photon emission. Due to this prop-
erty of the method we can characterize the rovibrational
states of the stabilized molecules. To test our method
we have calculated the cross sections of radiative asso-
6 7 8 9 10 11
σ
(b
o
h
r2
)
6 7 8 9 10 11
6 7 8 9 10 11
Ephoton (eV)
11
FIG. 7. Rovibrationally state resolved emission spectra for
radiative association of CO through reaction (3). The sticks
correspond to the (v′, j′) states.
ciation and radiative quenching for two diatomic reac-
tions. The surface-hopping method agrees with the con-
ventional semiclassical formula. This was expected due
to the equivalence of the two methods. Moreover the ob-
tained total and the quantum state resolved spectra are
compared to the results of a quantum mechanical pertur-
bation theory. These comparisons imply that the surface-
hopping method extended with Fermi’s golden rule can
provide reasonable result even for the most detailed quan-
tum state distributions for the characterization of radia-
tive association. In addition our surface-hopping model
is not only applicable for the description of radiative asso-
ciation but it can be used for a numerically inexpensive
semiclassical characterization of any molecular process
7where spontaneous emission occurs.
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